An algebraic proof of the nonrenormalization theorem for the perturbative beta function of the coupling constant of N = 2 Super Yang-Mills theory is provided. The proof relies on a fundamental relationship between the N = 2 Yang-Mills action and the local gauge invariant polynomial Tr φ 2 , φ(x) being the scalar field of the N = 2 vector gauge multiplet. The nonrenormalization theorem for the β g function follows from the vanishing of the anomalous dimension of Tr φ 2 .
Introduction
It has long been known that N = 2 Super Yang-Mills (SYM) theory displays a set of far-reaching and remarkable features, both at the nonperturbative and perturbative level. For instance, effects due to instantons can be taken into account in an exact way [1, 2] . Needless to say, the N = 2 Yang-Mills theory is the corner stone of the duality mechanism discussed by Seiberg and Witten [3] in order to characterize the vacuum structure of various supersymmetric gauge models.
Concerning now the perturbative regime, certainly the most celebrated result is the nonrenormalization theorem of the beta function of the coupling constant g (β g ), stating that β g receives only one-loop contributions. In other words, if the β g function vanishes at the one-loop order, it will vanish at all orders of the perturbation theory. This unique behavior is usually understood in terms of the analogous Adler-Bardeen theorem for the U(1) axial current which, due to supersymmetry, belongs to the same supercurrent multiplet of the energy-momentum tensor. As a consequence, a deep and strong relationship between the β g function and the coefficient of the axial anomaly is expected to hold. However, up to our knowledge, an algebraic proof of the nonrenormalization theorem of the β g function of N = 2, based on Ward identities and on BRS invariance, is still lacking. Indeed the arguments which lead to the exactness of the one-loop result for the β-function are based either on a regularization procedure which does not respect the supersymmetry or on the higher derivative method which has not really been implemented for the N = 2 case. A comprehensive account of the situation is contained in Ref. [4] , whose point of view we would like to quote (ibid. pag 195) : "Here we have stressed these weaknesses not because of a mistrust in the arguments for finiteness, but to show that they are not proofs in a mathematical sense and that there is still room for further work". The aim of the present work is to fill this gap, providing a purely algebraic proof of the aforementioned theorem.
Before entering into the technical aspects of the paper, it is worth spending a few words on the strategy of our proof. First of all, instead of working with the spinor indices of supersymmetry (α,α), we shall make use of the well known twisting procedure [5] , allowing us to replace the indices (α,α) with Lorentz vector indices. Of course, the physical content of the theory will be left unchanged, for the twist is a linear change of variables, and a twisted version of the model is perturbatively indistinguishable from the original one. However, the use of the twisted variables has the great advantage of considerably simplifying the full computation of the relevant BRS cohomology classes. In particular, it has been possible to prove [6] that the action of the N = 2 Yang-Mills can be related to the local gauge invariant polynomial Tr φ 2 , φ(x) being the scalar field of the N = 2 multiplet. This important relation will be the essential ingredient for the proof of the nonrenormalization theorem, as the operator Tr φ 2 possesses remarkable ultraviolet finiteness properties.
Another relevant feature of the twisted formulation is the appearance of a scalar supersymmetry charge δ. In fact, the Ward identities associated to the scalar supersymmetry transformations play a crucial role in proving that the anomalous dimension of Tr φ 2 is actually vanishing. Thus, making use of the relationship between Tr φ 2 and the N = 2 action, we shall succeed in promoting the ultraviolet finiteness properties of Tr φ 2 to the β g function of N = 2, proving therefore its nonrenormalization theorem.
It is worth mentioning that the twisting procedure has recently been successfully employed to analyze nonperturbative effects, as it allows to understand the N = 2 Yang-Mills theory in terms of the topological Witten's gauge theory [5] , providing deep insights for the nonperturbative regime of the model [7] . In particular, it has been shown that the remarkable nonrenormalization properties of the holomorphic part of the effective action of the N = 2 SYM [8] are ensured in the context of instanton calculus by the Ward identities associated to the scalar supersymmetry transformations. It is interesting to remark that the nonrenormalization properties both of the perturbative and the nonperturbative sector of the N = 2 SYM theory can be related to the Ward identities associated to the scalar supersymmetry present in its twisted formulation.
The organization of the paper is as follows. Section 2 is devoted to a brief review of the twisting procedure for N = 2 supersymmetry. In section 3 the quantization of the theory in the Wess-Zumino gauge is performed following the BRS procedure [6, 21, 22] . In section 4 the relationship between the gauge invariant polynomial Tr φ 2 and the N = 2 Yang-Mills action will be presented. Section 5 will deal with the ultraviolet finiteness properties of Tr φ 2 . Finally, in section 6 the algebraic proof of the nonrenormalization theorem for the β g function of N = 2 Yang-Mills will be given.
The Twist
The starting key of addressing the problem is to work with the twisted version of N = 2 SYM theories, which, in the Wess-Zumino (WZ) gauge, coincide with Topological Yang-Mills (TYM) theory. In this section, we sketch the basics of the twisting procedure, originally introduced by Witten in [5] and fully developed for N = 2 SYM in [6, 9] .
The N = 2 susy algebra reads
where (Q i α , Q jα ) are the supersymmetry charges, indexed by i = 1, 2 and Weyl spinor indices α,α = 1, 2. The total number of supercharges is therefore eight. The simple observation that the indices (i, α) both run from one to two, suggests the idea of identifying the supersymmetry index with the spinor index i ≡ α , (2.2) operation which amounts to a modification of the rotation group of the theory
where SU(2) ′ R is the diagonal sum of the original SU(2) R and SU(2) I , the group of transformations of the supersymmetry index i. The global symmetry group of N = 2 SYM finally is
where U(1) R is associated to the R-symmetry, according to which the charges Q i α and Q iα are assigned eigenvalues +1 and −1 respectively.
The twisted supercharges are
The procedure can then be pushed further to the point of getting rid of the spinor index. Indeed, Q β α and Q αα can be rearranged as follows
where we adopted the usual conventions for the quantities ε αβ , (σ µ )α α and (σ µν ) αβ [10] . Notice that, due to the properties of σ µν , the operator δ µν is selfdual :
reducing to three the number of its independent components.
The familiar supersymmetry algebra (2.1) correspondingly twists into
A key feature of the twisted algebra is the appearance of the scalar supersymmetry charge δ, which is still an invariance of the theory when this is formulated on a generic (differential) manifold M. We recall in fact that in Witten's Topological Yang-Mills theory the observables are defined as cohomology classes of δ, which is thus treated in this context as a BRS-like operator 1 . The corresponding correlation functions are non vanishing in the nonperturbative sector of the theory and can can be indeed evaluated by a semiclassical expansion around an instanton background. They are independent of the metric on M by virtue of the Ward identities associated to δ, and are related with the Donaldson invariants [5] . The underlying topological nature of the twisted theory is already revealed by the subalgebra (2.10), which allows to write the space-time derivative as a δ-exact term. Notice that this subalgebra is a common feature of all known topological quantum field theories [11, 12] .
The price of working in the Wess-Zumino gauge, is the appearance in the r.h.s. of (2.1) (and hence of (2.10) and (2.11)) of breakings, which take the form of field dependent gauge transformations and equations of motion. The drawbacks deriving from those breakings for the quantization of the theory have been stressed by Breitenlohner and Maison in [13] .
belonging to the adjoint representation of the gauge group, after the twisting procedure become (A µ , ψ µ , χ µν , η, φ, φ) .
(2.12)
The twist, acting on the internal index i, leaves the gauge connection A µ and the scalars (φ, φ) unaltered, while the spinors (ψ i α , ψ iα ) turn into
and
(2.16)
Notice that (ψ µ , χ µν , η) anticommute, due to their spinor origin.
Finally, twisting the action of N = 2 SYM, remarkably yields the TYM action [5] 
Notice that the theory has the unique coupling constant g 2 , which in this parametrization is easily related to the number L of loops in the Feynman diagrams computations :
The action S T Y M (2.18) is left invariant by the twisted supersymmetry charges 22) and it is also gauge invariant, i.e.,
We stress that the twist simply corresponds, on the flat Euclidean spacetime IR 4 , to a linear change of variables, and therefore the twisted theory is perturbatively indistinguishable from the original one. In particular, all the perturbative results are the same for the two theories. This fact has been already verified under many circumstances: we just recall here the algebraic absence of gauge anomalies [14] , which is quite uncommon for four dimensional gauge field theories. Indeed, in these cases it usually happens that the gauge anomaly is algebraically allowed, and only the vanishing of its coefficient may be invoked to recover perturbative renormalization. Another quantity which has been verified to go over unchanged to the twisted related theories is the value of the 1-loop β function of the coupling g, which is universal, i.e., scheme-independent [16] . What is still missing, is the main aim of the present paper, namely the algebraic, regularization independent proof of the celebrated vanishing above 1 loop of the β g function of N = 2 SYM theories, and hence of TYM theory. This means, according to the parametrization adopted for the action S T Y M (2.18), that β g is proportional to g 3 , to all orders of perturbation theory β g ∝ g 3 .
(2.24)
We will be able in the next sections to precise our claim (2.24), which makes sense only after a particular renormalization scheme has been adopted, since it is evident that a change of scheme generally induces in the 1 loop only β function terms of arbitrarily high power of the coupling constant. We address the interested reader to the evergreen lectures given by D.J.Gross [20] .
Quantum Extension
For what follows, it is useful to briefly illustrate the technique employed for the quantum extension of the model. As already said, the way in which the algebraic structure is broken in the Wess-Zumino gauge, is incompatible with the construction of a quantum vertex Γ satisfying quantum symmetries (gauge and supersymmetry) [13] . The puzzle has been solved in [15, 21, 22] , where the renormalization of N = 2 SYM has been performed, and the same procedure has been successfully applied in [6] for TYM. The idea is to collect all the relevant symmetries of the theory into an unique operator, by means of some global ghosts. Here, by relevant symmetries we mean the ordinary BRS symmetry s, and the symmetries of the topological subalgebra (2.10), the charges δ µν being redundant in order to define the theory [6] . Let us therefore define the extended BRS operator
where ω and ε µ are global ghosts. The action of Q on the fields belonging to the twisted N = 2 gauge supermultiplet is
Moreover, Q is defined on the ΦΠ -multiplet ghost-antighost-Lagrange multiplier (c,c, b) as follows :
Besides describing a symmetry of the action S T Y M , the relevant property of the operator Q is :
which allows for a standard application of the BRS technique, since the extended BRS operator Q is on-shell nilpotent in the space of integrated local functionals.
The complete classical action is [6] 
where
is the (Landau) gauge fixing term;
couples external sources (called antifields in the Batalin-Vilkovisky formalism) (L, D, Ω µ , ξ µ , ρ, τ, B µν ), to the nonlinear variations of the quantum fields (c, φ, A µ , ψ µ , φ, η, χ µν ) respectively; finally
is introduced in order to take care of the fact that Q is nilpotent (on integrated functionals) once the equations of motion are used.
The action Σ (3.6) satisfies an extended Slavnov-Taylor (ST) identity In the above expression (3.10) for the extended ST identity, ∆ cl µ is an integrated linear polynomial in the quantum fields :
(3.12) therefore, ∆ cl µ does not get quantum corrections and the breaking of the ST identity (3.10) is only classical.
The whole algebra is summarized into 
is the linearized extended ST operator, and is the functional generator of spacetime translations.
In [6] , the renormalization program has been completed by showing that the action Σ is stable under radiative corrections and that no anomalies occur, so that the classical relation (3.10) can safely be implemented for the 1PI generating functional
i.e., S(Γ) = ωε µ ∆ cl µ .
(3.17)
Let us close this section by summarizing the quantum numbers of the fields and parameters entering the theory. 4 The Action, and its Relation with Tr φ 2
Quantum numbers: Quantum F ields
By expanding the linearized ST operator (3.14) in powers of the global ghost ε µ , we have
and the algebraic relation (3.13) implies that the operators b Σ and W µ must obey
As it is well known [12, 23] , a theorem assures that the integrated cohomology of B Σ is isomorphic to a subspace of the integrated cohomology of the first term in the expansion (4.1), i.e., b Σ , whose local cohomology is known [24] to consist of invariant polynomials in the scalar field φ P n (φ) = Tr φ n n , n ≥ 2 . Now, the polynomials P n (φ) become cohomologically trivial if we relax the condition of analyticity in the global ghost ω. In fact, for instance,
5)
This means that the local cohomology of the operator b Σ , and hence the integrated cohomology of the full operator B Σ , is trivial if we take into account also field polynomials which are not analytic in the parameter ω. On the other way, we have to remember that the physical content of TYM theory is not empty, being given by the non empty cohomology of B Σ , with the requirement of analyticity in ω, or by the equivariant cohomology of the ordinary BRS operator, as defined in [25] , where TYM is seen as a topological quantum field theory of the Witten type, i.e., generated entirely by a BRS cocycle. More on this can be found in [6] . Thus, the requirement of analyticity in ω is not just a matter of convenience, but it is founded in the quantum field theory rules. However, in perturbation theory the diagrammatic expansion of the generating functional Γ is obviously analytic in the parameters of the theory. In other words, counterterms for the action must be analytic in ω, while this is not necessarily so for other elements of the quantum theory, like for instance quantum insertions of the type ∂Γ ∂α , where α is any parameter of the theory. Indeed, the possible poles can be easily removed from ∂Γ ∂α by a multiplication for a suitable power of ω.
Turning back to the original issue, in the space of integrated local functionals of vanishing R-charge, zero ghost number and canonical dimension four, the cohomology of B Σ is given by the unique element [6] 
where W µ is the operator defined by the filtration of B Σ in (4.1). It is clear from (4.6) that the role of the operator W µ is that of extracting the integrated cohomology classes from the non-integrated ones, in perfect analogy with what happens in topological field theories, which are all characterized by the algebraic relation (4.3), according to which the spacetime derivative is written as an anticommutator between a BRS operator and a vectorial supersymmetry [11, 12] . The operator W µ acts therefore as a climbing up operator for the descent equations, and the non trivial part of the action is obtained by repeated applications of W µ to the lowest term of the ladder [12] . For our concern, the twisted action (3.6) of N = 2 SYM can be rewritten, modulo a trivial B Σ -cocycle, as
The relation (4.7) is of fundamental importance for what follows. Although it is self-explanatory, it is worth to stress that the bulk of the theory is the composite operator Tr φ 2 2 , which somehow contains all the information on the physics of the theory. The operator W µ is nothing more than a BRS decomposition of the spacetime derivative. In this respect, Tr φ 2 2 can be regarded as a sort of prepotential of N = 2 SYM (and of TYM, too), at least in this twisted version. Notice also that φ(x) is just the scalar field of the original, untwisted, theory, namely the scalar of the gauge multiplet of N = 2 SYM, and that the composite operator Tr φ 2 2 is already known to play a decisive role for the exact solution of the theory. In fact, it is precisely its v.e.v. < Tr φ 2 2 >= u which parametrizes the gauge non equivalent vacua of the theory [3] . Here, it is instructive to recover the key role of this composite operator in a rather different context. Intuitively, it is also clear what will our strategy be for the following: the nonrenormalization properties of the full action are closely related to those of its "generating kernel" Tr φ 2 2 , and on this issue we will concentrate in the next sections.
Non Renormalization of Tr φ 2
In order to show that the composite operator Tr φ 2 2 has vanishing anomalous dimensions, the ordinary BRS and δ-symmetry (2.6) are sufficient. Therefore, from now on throughout the rest of this paper, we shall put ε µ ≡ 0, and we shall write Σ ≡ Σ| ε=0 , Γ ≡ Γ| ε=0 and S(Γ) ≡ S(Γ)| ε=0 , while the linearized ST operator will be that defined in (4.1) 
Let us consider
which, like Q in (3.1), describes a symmetry of S T Y M , and it is nilpotent on shell.
Consider the composite operators
3)
The following relation holds
The action
(σ(x), λ(x)) being external sources, satisfies the ST identity
It is apparent from the expression (5.8) that the external fields σ(x) and λ(x), transforming one into the other, form a BRS doublet. This means that the cohomology of the linearized ST operator b Σ ′ does not depend on them [12] .
In addition, the action Σ ′ satisfies the constraint is a classical breaking. Eq. (5.9) is known as the "ghost equation", and is a common feature of all gauge field theories in the Landau gauge [26] .
Since the ordinary ST identity (3.17) is not affected by anomalies, and (σ(x, )λ(x)) enter as a BRS doublet, the classical relation (5.7) can be extended at the quantum level, and we can write
Similarly, it is easy to prove that the ghost equation (5.9) is free of anomalies, and it holds for Γ ′ , too.
Differentiating the ST identity (5.11) with respect to the external source λ(x) and setting σ(x) = λ(x) = 0 , we obtain
, (5.13) which means that the relation (5.4) between the composite operators Ω φ 2 (5.2) and Ω c 3 (5.3) holds true also at the quantum level :
As a consequence of the ghost equation (5.9), the quantum insertion Tr − cφ ω 2 + c 3 3ω 4 (x) · Γ has vanishing anomalous dimension. Indeed, in the Landau gauge the composite operators given by polynomials of the Faddeev-Popov ghost field c(x) do not renormalize, whereas it is the differentiated ghost ∂ µ c(x) which has quantum relevance [12, 26] :
where C is the Callan-Symanzik (CS) operator
and CΓ = 0 . In (5.16) β g is the β-function of the unique coupling constant g, γ ϕ is the anomalous dimension of the generic field ϕ, the operator N ϕ is the counting operator 18) and µ is the renormalization scale which appears in the g-normalization condition, for instance that which fixes the transverse part of the two-point function d dp 2 Γ T (p 2 )
The Callan-Symanzik operator C (5.16) commutes with the linearized ST opera- 20) hence, by applying b Γ to (5.15), we have
which completes the proof of vanishing anomalous dimension for the quantum insertion Tr φ 2 (x) · Γ.
It is also immediate to verify that the integrated quantum insertions In fact, the same procedure used to show (5.21) can be repeated, by coupling two global parameters to the integrated composite operators (5.22) and (5.23) . By using the ghost equation (5.9), which holds unaltered, and the fact that, on integrated functionals, the operators b Γ and W µ commute (4.3), one can play with the CS operator and reach the desired results (5.24) and (5.25).
The Non-Renormalization Theorem for the beta Function
The starting point is the classical relation, deriving from the expression of the twisted N = 2 SYM action (4.7), at ε µ ≡ 0
The above expression can be written
with Ξ given by
Our first intermediate task is the quantum extension of (6.2). In order to do this, consider the action, modified by the introduction of a parameter α
which is easily seen to satisfy the identity
The fact that α and g transform as a BRS doublet, allows us to implement (6.5) at the quantum level
Deriving (6.6) with respect to α and setting α = 0 , we find
Now, at the classical level, from (6.4) we have
and Ξ consists of two terms: d 4 x W 4 Tr − cφ ω 2 + c 3 ω 4 , which has vanishing anomalous dimension, due to the nonrenormalization theorem (5.25); and g 3 d 4 x Tr (φD− ξ µ ψ µ ), which is purely classic, being a functional linear in the quantum fields φ(x) and ψ µ (x).
Consequently, we can extend (6.8) to the quantum level
and, from the relation (6.7), we have
or
which realizes our intermediate aim.
All the tools to prove the 1-loop finiteness of the beta function of the coupling constant are now at our disposal.
The 1PI generating functional of the theory Γ satisfies the CS equation (5.17), or explicitly
where we used the fact that the anomalous dimensions belong to the BRS-trivial sector of the counterterms. Deriving (6.12) with respect to the coupling constant g we have µ ∂ ∂µ
with
It is important to emphasize that the quantum insertion Ω · Γ, and hence Ω ′ · Γ, coming from the expression of counterterms, are analytic in the ω-parameter, as already remarked in section 4.
Substituting in (6.13) the expression obtained in (6.11) for the quantum insertion ∂Γ ∂g , and collecting all the exact terms at the r.h.s., we find 
. (6.18) That is, we have an equality between an analytic function of ω, in the r.h.s., and a non-analytic function on the l.h.s. The only solution is that the function β g satisfies the differential equation 3 g β g + ∂ g β g = 0 , (6.19)
i.e., β g = K g 3 (K constant). (6.20)
Eq. (6.20) is our result. It states that, to all orders of perturbation theory, the β-function of the coupling constant receives contributions only to the 1-loop order.
The exact statement is that a renormalization scheme does exist such that Eq. (6.20) is true, namely that all higher corrections vanish. Such scheme can be identified with the requirement that the insertion ∂Γ ∂g can be defined exactly as expressed in Eq. (6.11), which is of the type ∂Γ ∂g = 1 g 3 d 4
x Ω · Γ + b Γ (∆ · Γ) . (6.21)
Summary
In this paper we gave an algebraic, regularization independent, proof of the nonrenormalization theorem concerning the vanishing above one loop of the perturbative β-function of N = 2 SYM theory. The key points of our approach have been the followings :
The twist : by means of the twisting procedure, we passed from N = 2 Super Yang-Mills theory to the equivalent Topological Yang-Mills theory formulated on IR 4 .
Tr φ 2 : we were able to write the classical action of the twisted theory as (4.7)
modulo a trivial BRS cocycle; i.e., we related the classical action to Tr φ 2 , which is a gauge invariant polynomial in the scalar field φ(x) of the (untwisted) N = 2 gauge supermultiplet.
Nonrenormalization of Tr φ 2 : we have proved that Tr φ 2 has vanishing anomalous dimension.
Callan-Symanzik equation : a wise manipulation of the Callan-Symanzik equation implied that the beta function of the unique coupling constant of the theory satisfies, to all orders of perturbation theory, the following differential equation (6.19) 3 g β g + ∂ g β g = 0 ,
which yields the result (6.20)
i.e., the β function has only one loop contribution, in the scheme defined by (6.21).
